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^\J ' Abstract. We study the deformation theory of elliptic fibre bundles over 

curves in positive characteristics. As applications, we give examples of non- 
liftable elliptic surfaces in characteristic two and three, which answers a ques- 
tion of Katsura and Ueno. Also, we construct a class of elliptic fibrations, 
whose liftability is equivalent to a conjecture of F. Oort concerning the lifta- 

[~~. ' bill ty of automorphisms of curves. Finally, we classify deformations of bielliptic 

surfaces. 
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1. Introduction 



and Ueno asked if every elliptic surface of Kodaira dimension one, over a field 
of positive characteristic, can be lifted to characteristic zero. This question is of 
interest, because the known examples of non-liftable surfaces are either quasi-elliptic 
or of general type. On the other hand, every surface of Kodaira dimension less than 
CO ' or equal to zero is know to be liftable. In this article, we give the first examples of 

^ \ elliptic Kodaira dimension one surfaces, which are non-liftable. 

Recall that every surface of Kodaira dimension one has a unique elliptic or quasi- 
elliptic fibration. A fibration is called quasi-elliptic if the generic fibre is a cuspidal 
^v^ ' curve of arithmetic genus one. 

. _" \ Our approach to construct non-liftable elliptic surfaces works as follows: We 

(^ • classify all possible deformations of a given surface, and a posteriori conclude that 

f^ I there are only deformations over Artinian rings of characteristic p. In particular, 

this excludes liftability to characterstic zero. 

To make this work, we have to choose a class of surfaces, with a sufficiently 
, , - easy deformation theory, and being on the other hand rich enough to provide the 

rN ! examples we are looking for. As it turns out, the right objects are elliptic fibre 

bundles over curves. 

Let us fix a field k and a curve C over k. By an elliptic fibre bundle over C, we 
understand an elliptic fibration A — >■ C which is locally trivial in the etale topology 
(Definition 2.1). 

An elliptic fibre bundle is called Jacobian if it has a section. Examples of Jaco- 
bian elliptic bundles can be constructed as follows: Let E be an elliptic curve over 
k, and let F be a finite group acting on E and fixing the zero section. Given a curve 
C/k with a free T action, we can form 

(1.1) x = iExC)/r, 
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where the action on the product is diagonal. The quotient X has a smooth Jacobian 
ehiptic fibration X — > C/T. 

We will classify deformations of elliptic fibre bundles over curves in several steps. 
First, we study the Jacobian ones and prove that their deformations are always of 
the form (1.1). 

Next, we study the relation between Jacobian and the non- Jacobian bundles. 
For an arbitrary elliptic fibre bundle / : X — >■ C denote by J-ihx/c the functor of 
deformations of X extending its fibration structure. Associated to X there is a 
Jacobian bundle over the same base, which we denote by J . Let J acj jc be the 
sub functor of Tih j iq of deformations with section. For precise definitions of these 
functors see Definition 4.1. 

There is a natural map Tihxic ^ J o.'^j ic given by taking the identity compo- 
nent of the relative Picard scheme. 

Theorem (4.3). The map of deformation functors J-ihx/c ^^ J '^'''j ic *'S formally 
smooth and it holds 

dim{Tibx/cik[e])) ^ dim{Jacx/c{k[e])) + h\C,Uc{J/C)). 

This resembles situation of elliptic fibrations over a field: The Jacobian fibra- 
tions can be dealt with explicitly and the non-Jacobian ones are described by a 
cohomological theory, based on the group structure of the former. 

Next, we answer the question whether, given an elliptic bundle X — > C, every 
deformation admits an extension of the fibration structure: 

Theorem (5.2). If X is of Kodaira dimension one, then the unique elliptic fibration 
extends to every deformation. 

Now we can address the liftability question: In section 3.1 we will construct 
Jacobian elliptic fibre bundles over fields of characteristic two and three, which 
cannot be lifted as Jacobian bundles. By the above theorems, this is enough to 
show non-liftabilty. 

Theorem (5.6). There exist elliptic fibre bundles in characteristic two and three, 
that do not lift to characteristic zero. 

Another result is that proving liftability for a certain class of isotrivial elliptic 
fibrations would imply the Oort conjecture: Given a curve C of higher genus, and 
a cyclic subgroup G of Aut(C), then the pair (C, G) can be lifted. Our result is: 

Theorem (5.7). Choose an elliptic curve E and let G act on E by translation. 
Then the quotient X ^ {E x C)/G is liftable if and only if the pair (C, G) is 
liftable. 

As a further application of the theory, we treat the case of bielliptic surfaces. 
Here we need methods from the deformation theory of abelian schemes. Our main 
result is: 

Theorem (6.9). If X is a bielliptic surface, then both elliptic fibrations extend 
under deformations. In other words, every deformation of a bielliptic surface is 
bielliptic. 

For small p one encounters phenomena, which do not appear when considering 
the same class of surfaces in characteristic zero. For example, deformations become 
obstructed which was already observed by W. Lang in [Lan95]. There is also the 
possibility of deforming a Jacobian bielliptic surface into a non-Jacobian one, which 
is absent in characteristic zero. 
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2. Preliminaries 

In this section we introduce some standard techniques which will be used later 
on. Concerning deformation theory, we follow Schlessinger's fundamental paper 
[Sch68] in terminology, and freely make use of basic facts about pro-representable 
hulls of deformation functors. 

A key problem that will appear in Sections 5 and 6 is of the following form: Given 
a deformation X of some scheme X, what properties and additional structures carry 
over to XI One example for such properties are etale coverings. 

2.1. Theorem (Theorem 5.5 and Theorem 8.3 [SGA 1]). Let S be a scheme with a 
closed subscheme So having the same topological space as S itself. Then the functor 

X^ XxsSo 

form the category of Stale S -schemes to the category of Stale So-schemes is an 
equivalence of categories. 

This theorem can be seen as a geometric form of Hcnscl's Lemma from commu- 
tative algebra. We note two special cases: The categories of etale Galois covering 
of X and Xq are equivalent, and so are the categories of finite etale group schemes. 
Recall that an etale covering S' —>■ S is called Galois with group G if G acts on S' 
as an S'-schcmc and we have an isomorphism 

G X 5" ~ S" xs S" given by {a,x) ^ {a{x),x). 

2.0.1. Notations. Finally, let us fix some notations. By k we denote an algebraically 
closed field of characteristic p > 0. We denote hy W = Woo{k) its ring of Witt 
vectors. Let y^lg^i/ be the category of local Artinian VF-algebras having residue field 
k. Every scheme and every ring will be assumed Notherian, and by a curve over 
some base scheme S we will always mean a proper and connected one-dimensional 
S'-scheme. 

2.1. Definition. Let S* be a scheme over some ring R. An i?-morphisni A ^- S* is 
called elliptic fibre bundles If there exists a surjective etale morphism [/ — > S" and 
an elliptic curve E over R such that 

U xs X :::i U Xspc^^R) E. 

3. Deformations of Jacobian elliptic fibre bundles 

A Jacobian elliptic fibre bundle is a pair {J/S, e) where J — > S* is an elliptic fibre 
bundle and e is a section of J — > 5. We can consider {J/S, e) as an elliptic curve 
over S. In particular, there exists a unique commutative group scheme structure 
on J/S. 

We are going to work over an algebra A e -Alg^^/. 

3.1. Proposition. Let S be a proper flat A-scheme such that Si^Ak is integral. Let 
J jS be an elliptic curve over S . For some integer n > 3 which is prime to p, assume 
that the n-torsion subgroup scheme of J is split i.e., there is an isomorphism 

J[n] ~ {Z/nZf. 

Then there exists an elliptic curve £ over A such that J is isomorphic to £ X\S. 
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Proof. We can choose a level-n-structure on J/S. By [KM85, Corrolary 4.7.2] we 
obtain a morphism c: 5 — > Air(n) such that J' ~ f.*(^£univj where 

(£""",7: £"""[71] ~ (Z/nZ)2) 

is the universal family of the moduli problem. 

Again by [KM85] we know that A4r{n) is affine. Thus c factors over the affine 
hull of S, namely Spec(i/°(5, ^s)) = Spec(A). Therefore J is just the pullback of 
an elliptic curve 8 over A. D 

In particular, we see that J^ /S is an elliptic fibre bundle under the assumptions 
of Proposition 3.1. This can be generalized, because for an arbitray elliptic curve 
J^/S, and an interger n prime to p, we always have that J^[n\ is a finite etale 
group scheme over S, so there exists an etale Galois covering 5' — >■ 5 such that 
J[n] X55'~ (Z/nZ)2. 

3.2. Proposition. Let S be a proper flat A-scheme such that the special fibre S<SiAk 
is regular. Let J jS be an elliptic curve over S, and let S' ^ S be a finite etale 
Galois covering with group G such that J^[n\ xg S' ~ (Z/nZ)^ for some n > 3. 
Then 

J c^iSxA S')/G, 

where £ is an elliptic curve over A, and the action is the diagonal action given by 
the Galois action on S' and by a homomorphism G — >■ Aut(£) on the left factor. 

Proof. The scheme S' is connected, and because S ^a k is regular, so is S' (E)a k. 
In particular, S' ®a k is integral. Hence the elliptic curve 

JxsS' ^S' 

satisfies the assumptions of Proposition 3.1. Thus there exists an elliptic curve £ 
over A and an isomorphism J^ xg S' ~£ xa S'. In other words, we know that JT" 
and £ XaS' are twists of each other, becoming isomorphic under the base change 
S' ^S. 

Twists of f Xa 5 are classified up to isomorphism by the Galois cohomology 
set H^{G,A{S')), where A is the group scheme Aut(£ Xa S) and we consider its 
iS'-valued points as Galois module under G. 

We claim that the Galois action on A is trivial: We have a closed immersion 
A C Aut(£[n] Xa S) by rigidity [KM85, Corollary 2.7.3]. However, since A is a 
strict henselian ring, we find that £[n] xaS is the constant group scheme (Z/nZ)^ 
on S which in turn implies that Aut(£[n] xa S) is the constant group scheme 
GL(2,Z/nZ) on 5. 

Finite etale group schemes over S correspond to finite abstract groups with a 
continuous tti (5)-action. We saw that A can be embedded into a group scheme 
with trivial tti (5)-action, hence the action on A has to be trivial as well. The 
action of G on A is an induced action of a finite quotient tti{S) -» G, and therefore 
trivial as well. Thus we have 

H\G, Aut{£ XAS){S'))c^ilom{G,Ant{£ xaS){S')). 

For a homomorphism p in the above group, the corresponding twist looks like 
{£ XaS')/G, where the action of ct € G is given by 

{x,y)i^ {p{a){x),ay). D 

Now, let S" ~ iS iS)R k denote the reduction of S. Given an elliptic curve E/S 
we can use the above results to give a necessary and sufficient criterion for the 
existence of Jacobian liftings: 
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3.3. Corollary. Let J be an elliptic curve over S, given by (E x^ S')/G for some 
etale Galois covering S" — > 5 with group G (Proposition 3.2). Denote the action of 
G on E by pq. Then there exists a lifting J ^ S if and only if there exists a lifting 
£ of E over A together with an extension of the action po . 

Proof. To show sufficiency is easy. The covering S" — >■ 5* lifts uniquely to S' -^ S 
which is again Galois with group G. If a lifting £ oi E with the prescribed properties 
exists, simply put J = {£ xa S')/G. This quotient will exist in the category of 
schemes because G is finite. 

In order to show necessity assume that we have a lifting J ^f S. Like before, we 
also have the unique lifting S' ^ S of the Galois covering. Observe that J[ri\ XsS' 
is split, since J^[n\ is a finite etale group scheme and the reduction is split by 
assumption. Using Proposition 3.2, we find that J^ ~ {£ xa S')/G, where the 
action of G on £" is denoted by p. We claim that p lifts the action po: 

Consider the induced action of p on £[n] for some integer n. The categories of 
etale group schemes over k and R are equivalent, hence p is determined by its action 
on the reduction E[n]. 

For n > 3 we know that the group homomorphisms, given by restricting the auto- 
morphism group of an elliptic scheme to its n-torsion is injective [KM85, Corollary 
2.7.2]. However the isomorphism type of J[n] allows to read of the action of G on 
J[n\, for it is given by a class in 

H\G,Aut{J[ji]){S')) ~ Hom(G, Aut(£:[n])(S")) 

and the element of the latter group which corresponds to J[n\ is just po- Hence the 
restriction of p to the reduction has to be po- D 

3.1. Non-Iiftable elliptic surfaces. We postpone the development of the general 
theory at this point to give some specific examples of Jacobian elliptic fibre bundles 
which are non-liftable. 

Characteristic three. For the first example, let k be an algebraically closed field of 
characteristic three, and let E be an elliptic curve over k with j-invariant 0. By 
[Sil09, Appendix A, Proposition 1.2] the automorphism group G of i? is a semidircct 
product Z/3Z xi Z/4Z where Z/4Z acts on Z/3Z in the unique non-trivial way. 

As we shall see later on, there exists a smooth curve C over k such that there 
is a surjection tti{G) -» G. Denote by G' ^- G the associated finite etale Galois 
cover. Now we set 

J={ExkG')/G, 
where the action of G on i? is the action of the automorphism group. 

3.4. Lemma. Let the characterstic of k be three, and let A be in ^Ig^^. If for an 
elliptic curve £ over A the order of the automorphism group of £ is greater than 
six, it follows 3 • A = 0. 

Proof. Assume by contradiction, that the order of Auto(f ) is greater than six. Since 
two is a unit, there is a Weierstrafi equation for £ of the following form: 

y'^ = x^ + a2x'^ + a4X + ag 

Admissible transformations look like x i-^ u^x + r and y i-^ u^y + v?sx + t. The 
specific form of the equation implies i = and s — G. Standard arguments show 
that either u^ = 1 or m^ = 1. Thus, an automorphism group of order greater than 
six would have to contain an element of the form x ^-^ x + r. 

We get an equation 02 = 02 -|- 3^, which implies 3r = 0. But r has to be a 
unit, for otherwise the reduction map would not be injective on the automorphism 
group. Thus 3 = follows. D 
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Now we get as a direct consequence of Corollary 3.3: 

3.5. Proposition. The elliptic bundle J can be lifted (as Jacobian fibration) only 
over rings in which 3 = holds. 

Characteristic two. Now assume fc is a field of characteristic two. Given an elliptic 
curve E over k with j-invariant 0, the group of automorphisms will be a semidirect 
product G = Q X Z/3Z, where Q is the quaternion group. Similarly to Lemma 3.4, 
one shows that neither G nor Q can lift to rings with 2 7^ 0. Now assume the 
existence of two curves Cq and Cq together with etale Galois covers C'q -> Cq 
with group G and C'q — ?► Cq of group Q respectively. 

This gives rise to two Jacobian bundles: Jg — {Cq x E)/G and Jq ~ {C'q x E)/Q. 
Again by Corollary 3.3 it follows: 

3.6. Proposition. The elliptic bundles Jg and Jq can be lifted (as Jacobian fibra- 
tions) only over rings in which 2 = holds. 

To finish this discussion, we have to establish the existence of curves with specific 
etale Galois coverings. 

To this end, we use a powerful theory which is developed in [PSOO]. First we fix 
some group theoretic invariants. Let G be a finite group with the property that the 
maximal p-Sylow subgroup P is normal. We set H — G jP . Then one can write G 
as a semidirect product P y\ H. 

We denote by V the maximal elementary abelian quotient of P, and consider 
it as a Fp-vector space, which is possible since it is a p-torsion group. Let Z{H) 
be the set of irreducible characters with values in k, and let V^ be an irreducible 
/c-representation of H with character %. On P, we have an H action coming from 
the structure of the semidirect product. This induces an ^-representation on V . 
Since H is of order prime to p, this representation is semisimple, and we write 

The m^ are thus numerical invariants of the group G. 

Theorem (Theorem 7.4 [PSOO]). Let G be a group having a normal p-Sylow sub- 
group P. Suppose H = G / P is abelian. Then there exists a curve of genus g > 2 
having an etale Galois covering with group G if the minimal number of generators 
of H is less than or equal than to 2g. and m-^ < 3 — 1 holds for every x G Z{H). 

In the characteristic three example we had G = Z/3Z xi Z/4Z. The minimal 
number of generators oi H = Z/4Z is one, the representation oi H onV is obviously 
irreducible and given by the sign involution. Thus the assumptions of the theorem 
are satisfied for some curve of genus 2. 

In the characteristic two examples we also have that the maximal p-Sylow group 
is normal. Thus for g sufficiently large, we will find curves with the required cov- 
erings. 

Later on, we will prove that J, Jg and Jq are non-liftable even if we drop any 
additional requirements on the liftings. This is done in two steps: First, we prove 
that a lifting in the category of elliptic fibre bundles exists if and only if a Jacobian 
lifting exists. This is the content of Section 4. The final step is to see that every 
lifting of an elliptic fibre bundle of Kodaira dimension one is an elliptic fibre bundle. 
This will be done in Section 5. 

4. Deformations of elliptic torsors 

We start with some general theory on deformations of torsors under smooth 
commutative group schemes. This mainly rephrases [SGA III. 2, Remarque 9.1.9]. 
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We work in the following setting: Fix a small extension of algebras in -Alg^^;/ 

Let 5 be a flat A-scheme and set Sq ~ S ^a Aq. We have a closed immersion 
i ; iSo — > 5. Let tj be a smooth commutative 5-group scheme and set Go ^ G y<s So- 
For a group functor J^ on the category of 5o-schemes, we defined the pushforward 
functor i*J^ on 5-schemes by sending a 5-scheme T to J-{T X5 Sq). There is a 
natural specialization map s: tj — > i^Cyp of group functors. To investigate its kernel, 
wc introduce a coherent sheaf on Sq: 

^ - UciGo/So) ®ff^^ I. 

We have a sequence of group functors on S 

(4.1) ^ i*if ^ g A uGo -^ 0, 

whose exactness follows from the smoothness of ^o, as can be seen affine locally. 
Taking etale cohomology of (4.1), we obtain the fundamental long exact sequence 

(4.2) ^ UGo{S)/s{G{S)) ^ H\S,i,^) ^ H\S,G) A 

^ H^{S,i^GQ) -^ H^{S,u^). 

The sheaves £ and i*£ are coherent modules. We find 

H\S,i,^) ~ H\Sq,^) ~ Hl„.{SMc{Go/So))®I. 

Moreover, we claim that the group H^{S, i^,Go) is isomorphic to H^{So, Go)'- By the 
Leray spectral sequence we get an exact sequence of etale cohomology groups 

^ H\S,i,Go) -^ H\So,Go) -^ H%So,R'i,Go), 

with vanishing last term: It is enough to show that {R^i*GQ)x — for every closed 
point X of S; i.e. of Sq. By [Mil80, Theorem 1.15] it follows that {R^i*Go)x — 
i/^(Spec(^5 ^),Go) and the last group vanishes since Spec(^5 ^) has only the 
trivial etale covering. Here, we make use of the assumption that k is algebarically 
closed. 

In our situation, this means the following: Let J/C be a Jacobian elliptic fibre 
bundle over a curve C over k. Let Jq/Cq be a Jacobian lifting of J/C over Aq G 

4.1. Proposition. Let JJ ^>- C be a Jacobian lifting of JTo/Cq to A. Then every 
J^-torsor Xq over Cq lifts to a J -torsor overC. Furthermore, let m be an integer 
prime to p. Then the restriction map 

H\C,J)[m] ^ H\Co,Jo)[m] 

is bijective. This means that liftings of torsors are unique up to p-torsion. 

Proof. From the sequence (4.2) we know that the obstruction to lifting the coho- 
mology class associated to Xq lies inside H^{Co,Lic{Jo/Co)) (g) /. Note that since 
Lie(i/o/Co) is a coherent ^Co'^iodule, we can compute its cohomology with respect 
to the Zariski topology. Since Cq is one-dimensional, this group is zero. 

Once we have lifted the cohomology class, we have to answer the question, 
whether it is associated to a representable j7-torsor. By [Ray 70, Lemme XIII] 
below, this will be the case if it is torsion. We claim that H^{C, J) is torsion: Since 
H^{C, J) is torsion, it is enough to show that H^{Co, Lie(j7o/Co))<8)/ is torsion, then 
the assertion will follow by induction. However the former group is a A-module, 
and A itself is annihilated by some power of p. 

The second statement follows now directly by taking m-torsion in (4.2). D 
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4.2. Remark. In the case where the base is zero dimensional, one recovers the well 
known fact that the Tate-Safarevic group of an elliptic curve over a complete local 
ring with algebraically closed residue field is zero, since the first cohomology of the 
Lie algebra vanishes. 

We want to rephrase Proposition 4.1 in the language of deformation functors. 
For that purpose, we define two deformation functors associated to an elliptic fibre 
bundle X -^ C over k. 

4.1. Definition. By a deformation of X over some A e .41g^y, we mean a pair 
(A", e), where A" is a flat scheme over Spec(A) and e is an isomorphisms e: X ®\ k ~ 
X. Let "Def X ■ -41gn/ ^ (Sets) denote the functor, which sends A e ^Igw to the 
set of isomorphism classes of deformations of X/C. 

By a deformation of a flbration X/C, we understand a deformation {X, e) of X 
together with a map A" — > C, such that the isomorphism e is in fact an isomor- 
phism of C-schemcs. The functor of deformations of X as flbration is denoted by 
Tib X/C- -^Igiv -^ (Sets). 

Two deformations of X/C and X' /C are called isom,orphic if there exists an 
isomorphisms of deformations, which is also an isomorphism of C-schemes. 

Let {J/C, eo) be a Jacobian elliptic flbre bundle. We deflne the functor J'acj/c 
by sending A G Alg^^ to a pairs {J/C, e), where J/C is a deformation of J/C and 
e is a lift of eg. For an element {J/C, e) of Jacj/c notice that a different choice of 
e leads to an isomorphic element oi Jacj/c- Thus we view Jacj/c as a subfunctor 
oi Tibj/c, i-S-j the subfunctor of those deformations admitting a section. 

We get a natural map Fibx/c ~^ J O'^^.i/c ^^ follows: For a deformation X/C 
(not necessarily having a section) we consider the identity component of its Picard 
scheme. Since k is of characteristic p, we can always lift an appropriate p-th power 
of a relativly ample line bundle of X — > C. Therefore the representabilty of Picx/c 
follows from: 

Theorem (Theorem 4.8 [Kle05]). Let Z be a projective fiat S -scheme, having in- 
tegral geometric fibres. Then Picz/s ^^ representable by a separated S-scheme. 

Since X/C is an elliptic fibre bundle, the Picard scheme will be smooth, and the 
identity component Pic;^- /(^ is a smooth elliptic scheme over C. Now X/C is in a 
natural way a torsor under Pic^^^ ;^ coming from the isomorphism 

Pic^/c - X/C- 
We define the natural map Fibx/c ~^ JO'Cj/c by sending the fibration X/C to 
V\Cx /c- In this language. Proposition 4.1 now becomes the first part of our main 
theorem: 

4.3. Theorem. The map of functors J- ibx/c ^^ J'^'^JIC is formally smooth. More- 
over, we have 

dhji{Tibx/c{km = diui{Jacx/c{km + h\C,Ue{J/C)). 

Proof. Recall that J^ibx/c ^^ J'^-Cj/c is formally smooth if for any surjection 
A — » Aq in wAlg;;;/ the induced map 

Fibx/c{J^) -^ J'ibj/c{^o) ^Jacj^ci^o) ^acj/c(A) 
is surjectivc. By induction it suffices to verify this for small extensions. However, 
this follows directly from Proposition 4.1 applied to every element J of J acj/c{-^.) 
with reduction jTo over Aq and a jTo-torsor Xq. 

To prove the statement about the tangent space dimensions, first note that 
Tib X/C fulfills the Schlessinger criteria and carries therefore a vector space structure 
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on its tangent space. We are going to determine the kernel of the fohowing hnear 
map 

Tibx/c{k[e]) ^ J acj/c{k[e]), 

which consists of torsors under J®k[e]. To determine this group, we use again (4.2). 
The first term vanishes, since every section C ^ J hfts to the trivial deformation. 
Hence the kernel is given by H^{C, Lie( J/C)) /. D 

5. Elliptic fibre bundles of Kodaira dimension one 
We sum up some facts about invertible sheaves associated to elliptic fibre bundle. 

5.1. Lemma. Let f: X ^ C be an elliptic fibre bundle over a smooth proper curve 
C over k. 

(i) The sheaf J^ = R^f*(?x on C is invertible and a torsion element in 

Pic(C). 
(ii) The relative tangent bundle Qx/c *■' isomorphic to j* ^ . 
(iii) The Kodaira dimension of X equals the Kodaira dimension of C . 

Proof. We prove (i). To see that Jf is invertible just note that X -^ C has no 
multiple and hence no wild fibers. To prove that ^ is torsion we proceed as 
follows: Let g: J ^- C be the Jacobian of X, and dentotc by e: C — > J the zero 
section. Since J = Pic'^ {X / C) we have 



^ ~ Lic( J/C) ~ e*e 



j/c 



(see [? , Proposition 1.3]). Thus it suffices to show that &,j/c is torsion in Pic(J). 
By Proposition 3.2, we know there exists an etale covering C ^ C and an elliptic 
curve E over k such that J Xc C is isomorphic to E Xk C which we denote by 
J'. Let q be morphism J' ^ J given by base change. Since q is etale, it follows 
<l*^j/c — ®J'/C' — ^J' ■ Now, we apply the norm map N : Pic(J') — >■ Pic(J) (see 
[? , 6.5]), associated to the morphism q: 

^^c.7v(g*e,;vc')^ef^ 

where d is the degree of q. This proves the claim. 

For (ii) note that the canonical bundle formula for X — > C reads 

wx^.r(^~'®wc). 

The claim follows form the expression 

{QxicY^ - ^\ic -^x® if*ujcr'. 
Finally (iii) follows from (i) and the canonical bundle formula. D 

In particular, we sec that an elliptic fibre bundle is of Kodaira dimension one, if 
and only if the base curve is of genus greater than or equal to 2. It is a general fact 
form the theory of elliptic surfaces, that on a surface of Kodaira dimension one, 
there exists exactly one elliptic fibration, given by a suitable power of the canonical 
sheaf. We generalize this fact to deformations, by showing that the unique fibration 
lifts to an arbitrary deformation of the total space and that this lifting is unique. 
In other words: 

5.2. Theorem. For an elliptic fibre bundle f : X ^- C of Kodaira dimension one, 
the forgetful map of deformation functors Tibx/c ^ T^^f x *■* '^"' isomorphism. 
First, we show injectivity: 
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5.3. Proposition. Let f: X ^ C be a deformation over A G .41g^y of an elliptic 
fibre bundle / : X — > C. Then f is defined by a suitable power of the canonical sheaf 
'-^x/A- IiT- particular, f is unique. 

Proof. By smoothness of /, we get an exact sequence 

The outer terms are invertible sheaves. It foUows lox i a — f*^c/A ® ^x /c 

We clauTL that ^x/c is a torsion element in Pic(A'). Let fo: X ^ C denote the 
reduction of /. By Lemma 5.1 (i) we know that, the invertible sheaf .if = R^fa*^x 
is a torsion element in Pic(C). The same is true for ^xi(j because (/g^)^ ~ ^x/c 
(Lemma 5.1 (ii)). We conclude that ^x/c is of finite order by induction on the 
length of A: The tangent space of the deformation functor of invertible sheaves 
is H^{X, i^x), which is a p-torsion group, since k is of characteristic p. So let n 
denote the order of ^^/g. For any integer m we get 

Since ^i/y^ is ample on C, we find that ll>x/a is semiample on X. Furthermore, 
Proj(Sym(a;®/A)) is isomorphic to Proj(Sym(f7i/^)®") ~ C. This follows because 

H°{X, /*(cjc/a)®"") ^ H^{C, (wc/a)®™") by the projection formula. 

Denote the map A" — >■ C given by the canonical sheaf by fcan- On the reduction 
we find / <SiA k = fo ~ fcan <8iA k. However, liftings of /o are unique. It is enough 
to prove this for first order deformations. The tangent space of the functor of 
deformations of /o : X — > C is H'^{X', /g 6c) and this vanishes since the dual /q wc 
of f*Qc has non-zero global sections, because g{C) > 2. D 

To prove the surjectivity oi J-'ibx/c ^ T^^f x ^^ need an estimate for h^{X, Qx)'- 

5.4. Lemma. Denote by g > 2 the genus of C, and set ^ = i?^/*i^x- We get 

(5.1) h^{X, Ox) < .g - 1 + h°{C, ^) + h^{C, 5£'^) + 3g - 3. 
If X is Jacobian, we get equality in (5.1). 

Proof. Since / is smooth, we have an exact sequence 

(5.2) ^ Qx/c ^ Ox ^ f*Oc -^ 0. 
This gives rise to an exact sequence of cohomology groups 

H'{X, Qx/c) ^ H\X, Ox) ^ H\X, f*Qc)- 

Thus h\X, Qx) < h\X, f*Qc) + h\X, Qx/c)- 

By Lemma 5.1 we have Qx/c — Z*^- To compute h^{X,<dx/c) ^^ use the 
Leray spectral sequence and the isomorphisms given by projection formula {f*Qx/c - 
/*/*.if ~ if and R^f,^ ~ .^®^) to obtain 

^ H\C,^) ^ H\X,Qx/c) -^ i?°(C,^®2) ^ 0. 

By the Riemann-Roch Theorem wc get h^{C,^) =g-l + h"{C,^). Thus 

h\x,ex/c) = fj - ^ + h°ic,^) + h^ic^"^^). 

For h^{X, f*Qc) we obtain with the same approach and using 6c — f*f*Qc 
the following sequence 

^ H\C, Qc) -> H^X, /*6c) ^ H"{C,^<S) Qc) ^ 0. 

Since g > 1, the last term vanishes and we get h^{X, f*Qc) = 3,9 — 3. 
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In the Jacobian case let s: C — > X denote the section. The natural map /*il^ — > 
il\- has a global splitting given locally by d{g) H^ d{s*g) €5 1. Dualizing yields a 
splitting of (5.2). D 

Now, we are set up to show the surjcctivity of the inclusion J-ibx/c ^^ T^^f x- 

5.5. Proposition. Let A he an object o/,41g^. Every deformation X G Vefxi^) 
of the total space of X admits a lifting of the fibration on X ; in other words X € 
Tibx/c{^)- 

Proof. Denote by J the Jacobian of X. By Proposition 3.2, we know that there is 
an etale Galois covering C -^ C with group G such that J' — J Xq C = E x^C , 
for some elliptic curve E over k. Since forming Pic commutes with base change, 
the Jacobian associated to the fibration X' = X Xc C jC will be J'. We denote 
by A" — )- A' the unique lifting of X' — > X. 

We claim that X' admits an elliptic fibration. To see this, we show that the 
deformation functors Tibx' jc ^nd 'Def j, are isomorphic. 

The functor of Jacobian deformations of J' is unobstructed (see Corollary 3.3), so 
we conclude by Proposition 4.1, that J^ibx'/c is unobstructed as well. It remains 
to show that 

h\X\ 6x0 = dim{Tibx'/c'{km. 

Let g denote the genus of C. We have h^{X',Qx') < 4(7 — 2 by Lemma 5.4. 
As for J'ibx'/c'{k[^])j we have (3g — 3) + 1 dimensions coming from the functor of 
Jacobian deformations of J': Namely 3g — 3 from the deformations of the C", and 
one dimension coming from E. The first cohomology of the Lie algebra ^c" of J' 
gives g additional dimensions. 

Now, we come back to our deformation X oi X. By Proposition 5.3 the fibration 
g: X' —>■ C is defined in terms of the canonical bundle of X' . The action of G an 
X' induces an action on the canoical model C of X'. For cr e G we get a diagram: 




This implies that g: X' ^f C descents to a fibration f : X ^f C on X. D 

We are going to present some applications of Theorem 5.2. Recall that in Section 
3, we constructed a Jacobian elliptic fibre bundle J over some curve of genus two 
over a field of characteristic 3, which was shown to be non-liftable as Jacobain 
elliptic fibre bundle. We also gave two examples denoted by Jg and Jq, showing 
the same behaviour in characteristic two. 

5.6. Theorem. The elliptic fibre bundles J (in characteristic three) and Jq, Jq (in 
characteristic two) do not admit a formal lifting to characteristic zero. 

Proof. We already saw that J, Jq and Jq cannot be lifted as Jacobian elliptic fibre 
bundles (Proposition 3.5 and Proposition 3.6). From Proposition 4.1, it follows that 
the same is true for liftings which are not Jacobian but admit an elliptic fibration. 
Finally, observe that the base curves in both cases are of genus g > 2, which implies 
by Lemma 5.1 (iii), that the Kodaira dimensions of J, Jq and Jq are 1. Now, by 
Theorem 5.2, we get that every deformation is elliptic. D 

One can make an interesting remark here. Recall the following conjecture: 
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Conjecture (F. Oort, 1985). Let k he a, field of characteristic p, and let C be a 
smooth curve of genus at least 2. Let G be a cyclic subgroup of Aut(C). Then 
there exists a lifting to characteristic zero of the pair (C, G). 

The conjecture is known to hold if the order of G is not divided by p^ ([GM98]). 
Given a curve C and a cyclic subgroup G C Aut(C), we construct an elliptic surface 
X ^ B = C/G, which has a formal lifting to characteristic zero if and only if the 
pair (C, G) is liftable. 

Let E be an ordinary elliptic curve over k. An action of G on _B is given by 
choosing a point of order ord(G). We set X = (E x G)/G, where wc divide out by 
the diagonal action. Note that the action of G on the product is free. The surface 
X will have an elliptic fibration coming from the projection E x G ^ G. However, 
this fibration will in general not define an elliptic fibre bundle, because the fixed 
points of the G action on G will give rise to multiple fibers. 

5.7. Theorem. The surface X is formally liftable to characteristic zero if and only 
if there exists a lifting C of G together with a lifting of G. 

Proof. The "if" -part is clear. Assume there exists a lifting X oi X over some local 
Artinian ring A with residue field k. Since the covering X' = E x G ^ X given 
by the quotient map is etalc. we find a lifting X' ^f X which is again Galois with 
group G. 

Now. X' is an elliptic fibre bundle of Kodaira dimension one, hence by Proposi- 
tion 5.5 we know that X' comes with its canonical fibration X' ^f C lifting X' -^ G. 
Since C is the canonical model of X\ we get an induced G action on C, coming from 
the G- action on X . Since the automorphism scheme of a curve of higher genus is 
unramified, we conclude that the G action on C is faithful. D 

6. Deformations of bielliptic surfaces 

Let X be minimal smooth surface over fc, of Kodaira dimension zero and with 
invariants &i = &2 = 2. Directly from the invariants, we get that the Albanese of X 
is an elliptic curve. The associated map f : X ^ Alb(Ar) is either a smooth elliptic 
fibration (sec [BM77, Proposition 5]) or a quasi-elliptic fibration. In the elliptic 
case, we call X a bielliptic surface. 

To keep the presentation streamlined, we first consider the cases where / has a 
section. From Proposition 3.2 we know that X is given by a quotient 

{E X F)/G 

where F -^ Alb(A') is an ctale Galois covering with group G (i.e. an ctale isogcny) 
and G acts on E fixing the zero section. Note that this action cannot be trivial, for 
otherwise X would be an abelian surface. Without loss of generality, we assume the 
action of G on E faithful. Since the fundamental group of an elliptic curve is abelian, 
G has to be abelian too. It follows that G equals Z/dZ, where d £ {2, 3, 4, 6}. We 
fix the image of a generator of G in Auto(i?), and denote it by w. As a first step, 
we calculate some invariants of X depending on p and d which are important for 
the deformation behaviour of X. 

6.1. Proposition. Let X be a bielliptic surface. Denote by f : X -^ G its Albanese 
map. Assume that f has as section. Write 

X^{Ex G')/G. 

If d is not a power of p and d ^ 2 we have 

/i°(ex) = l, h^{Qx)^l, h^{Qx)^0, h^{GMc{X/G)) = Q. 
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If d ~ 2 and p ^ 2 we get 

h''{Qx) = l, h\Qx)=2, h\Qx) = l, h\C,Uc{X/C))^0. 
Whereas if d is a power of p it holds 

h"{Qx)^2, h\Qx)^^, h^{Qx)^2, h\C,Uc{X/C))^l. 
Let Y/C be a non-Jacobian bielliptic surface with Jacobian X/C . Then we have 

h'{Y,QY)=h'{X,Qx)- 
Proof. Since / is smooth, we have an exact sequence 

(6.1) ^ Qx/c -^ ex ^ f*ec -^ 0. 

Since the action ofE/dZ on E x C' is diagonal (6.1) is spht. Therefore Qx decom- 
poses as 

(6.2) ex ^ Qx/c ® r&c- 

Since C is an eUiptic curve, f*Qc — ^x- As for Qx/c, it will be a torsion line 
bundle of order i equal to the order of the induced action of Z/rfZ on 8^. To see 
this, note that Z/dZ acts trivially on 0^^ because the induced action is by roots 
of unity. Thus a section of 0^ will descend to a section of Qx/c ■ ^^ claim that 
ord(0x/c) — ^ where d = £p" with i prime to p. This is seen as follows: 

The action on Qe is determined by the action on the k-vectoi space Lie(i?). If 
d is a power of p, this action has to be trivial, since Hom(Z/p"Z, Gm) ~ 0. To 
determine the action in general, note that we have a subgroupschcmc H d E of 
height one, such that Lic(iJ) = Lic{H). In fact, the total space of H is given by 
Spec(^£;/mg g) and H is isomorphic either to yUp or to Up. Because of height one, 
the map given by the Lie functor Aut{H) — > Aut(Lie(if)) is injective. In fact, it 
will be an isomorphism if we restrict to maps of p-Lie algebras (see [Mum70, Section 
14]). 

The group scheme H is of rank p, so if p > 4 we get ord(a;) = ord(aj|/f ) by 
rigidity [KM85, Corollary 2.7.3]. If p = 3 and d = 2, we know that cu will act on 
Lie(ii^) as involution. If d = 4 the same argument applies to w^. 

li p = 2 and d = 3 we have H = a2 since j{E) = 0. Assume u induces 
the identity on H. Then the associated trace map tr^^ = Id +uj + o;^ would give 
multiplication by 3, which is an isomorphisms on H. However, we know that tr^^ is 
the zero map on E (see Lemma 6.5 below). 

Now, it is easy to calculate the invariants. Denote by e : C ^ X the zero section 
oi X. We have Jif = Lie(X) = e*9x/Ci and since /* Lie(X) ~ Qx/c it follows that 

ord(Lie(X)) = ord(ex/c)- 

The statement about the cohomology of Lie(X) follows, since it is a line bundle of 
degree zero and therefore 

h\C,Uc{X)) = /i°(C,Lie(X)). 

However, the last term is not zero if and only if Lie(X) is trivial. We also get that 

/^°(X, ex) = h"{X, Qx/c) + h\X, f*Qc) = /i°(X, Ue{X)) + 1. 

To compute h^{X, Qx) we treat both summands in (6.2) separately. By Lemma 5.1 
(ii) wehaveQx/c ^ f*R^f*^x ^ f*Ue{X). By the projection formula (i?V»/*^ ~ 
and the Leray spectral sequence we get 

^ HHC,^) ^ HHX, Qx/c) ^ i/"(C,i?V*/*^) ^ 0. 
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Thus we have: 

h\X,Qx/c) = 

For h^{X, f*Qc) wc obtain similarly: 

^ H\C,Qc) -^ H\XJ*Qc) -^ H^{C,^®Qc) ^ 

Since Qc - ^c we find h\X,f*Qc) = 2 if if is trivial, and h^{XJ*Qc) = 1 
otherwise. 

This proves the statement about h^{X,Qx)- To compute h^{X^<dx) we just 
observe that x{^x) = 0, because x(0BxC') — 0. 

The statement about a non- Jacobian bielliptic surface g: Y -^ C with Jacobian 
X/C follows from the expression 

R^g^ffY ^ Uc{X/C) ~ e*Q,j,c 

and5*(if)-ey/c. □ 

6.1. The versal families. Let X = {E x F)/G be a Jacobian bielliptic surface 
over k. First, we study the deformation functor J acxic- 

By Proposition 3.2 we know the structure of Jacobian deformations of X. They 
will be of the form (£ x J^)/T. Here, £ is a deformation of E extending the auto- 
morphism uj, and we are going to denote the deformation functor of such pairs by 
{E, uj). Likewise, J^ is a deformation of F with a torsion point lifting the point of F 
which appears in the definition of the action of F, and wc denote the deformation 
functor of such pairs by (i^, c) . 

The functor J acx/c is isomorphic to the product of the deformation functors 

{E,Lo)x{F,c). 

To write down a versal family for J acxici we treat the problem separately for 
both factors. 

6.1.1. Deforming elliptic curves with automorphisms. Let (£""*", w) — > Spec(i?) be 
the universal deformation of E along with its automorphism u. This functor is 
indeed pro-represcntable: Given a lifting of uj exists for a given deformation of -E, 
then it is unique. 

If ord(a;) = 2, then w is the involution, which obviously extends to any deforma- 
tion of E. Hence in that case R = VF[[i]]. 

If ord(a;) > 2 then the j-invariant of £ is either or 1728. If the order is prime 
to p, there are no obstruction against lifting {E,uj), thus R = W. 

Wc treat the remaining cases. First, assume p = 2 and d = ord(a;) — 4. We know 
from [JLR09, Lemma 1.1] that there is no elliptic curve over W, with j-invariant 
1728 and good reduction. This means we have to pass to a ramified extension of 
W. We will work over R = W[i] where i is a primitive forth root of unity. The 
following curve £2 is taken from [JLR09, §2. A] 

y^ + (— i + l)xy — iy ^ x^ — ix^ . 

It has i = 1728 and Discriminant A = 11 — 2i, and is therefore of good reduction. 
For p — i and d — ?>, again by [JLR09], there will be no elliptic curve over W 
with ^'-invariant and good reduction. So let R = VF[7r], where tt^ = 3. Consider 
the elliptic curve £"3 given by the Weicrstrafi equation 

y ~ X + TTX + X, 

whose j-invariant is and whose discriminant is A = —16. In particular, it has 
good reduction. 
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In both cases (p = 2 or 3), the curve £p has an automorphism of order four or 
three respectively, since on the generic fibre, automorphisms are given by the action 
of certain roots of unity, and we have chosen the base rings in such a way, that they 
contain the necessary roots. An automorphism of the generic fibre extends to the 
entire family, and its order will not change when restricting to the special fibre, as 
can be seen by considering an etalc torsion subscheme of sufficiently high order. 

We claim that the elliptic curves over the rings constructed above arc the uni- 
versal families for the deformation problem {E,uj). This follows from the fact that 
the respective base rings arc the smallest possible extensions of W over which the 
deformation problem can be solved, and from the fact that an elliptic curve over a 
strictly henselian ring is determind by its j-invariant. 

6.1.2. Deforming elliptic curves with torsion points. Now we treat the second fac- 
tor. If p does not divide d, then a d-torsion point lifts uniquely to any deformation 
of i^. Therefore (F, c) is pro-represented by VF[[i]]. 

Assume now that p does divide d. By the above, we can assume d = p". Since F 
is ordinary, we can use the theory of Serre-Tate local moduli. For the special case 
of ordinary elliptic curves, sec [KM85, 8.9]. By this theory, wc can represent the 
deformation functor of i^ by a pair 

J^""™^Spec(W^[[q-l]]) 

satisfying the following property: For a complete local VF[[q— l]]-algcbra A, consider 
the pullback 

J" = J-tmra ®^y[J^_;^]] A. 

By Z[q,q~^] -^ W[[q — 1] ^ A we make A into a Z[g,(7~-'^]-algcbra. There exists a 
universal group scheme T over Z[q, q~^] defined in [KM85, 8.7] such that 

.Fb°°] ~ T[p-] ®^[,,,-i] A. 

The explicit description of T in [KM85; 8.7] implies that the sequence 

(6.3) ^ /ip" ^ T[p''] (g)A^ Z/p"Z -^ 

is split if and only if the image of q in A has a p"-th root. However, (6.3) is split if 
and only if c lifts to T. 

We conclude that W[[q — !]][ '•^/q] is a versal hull of the functor {F, c). 

6.2. Proposition. The versal hull R of the functor J acxjc ^^ given as follows: 
p = 2 p — 3 p > 3 



d^2 W[[tE]]®W[[q^l]][^] W[[tE]]®W[[tF]] W[[tE]]®W[[tF]] 

d = 3 W[[tE]](E)W W[TT](^W[[q-l]][^] W®W[[tF]] 

d = 4 Vl^M®W^[[g-l]][i^] W®W[[tF]] W®W[[tF]] 

d = 6 W(E)W[[q-l]][^] W[TT](SW[[q-l]][^] W(E)W[[tF]] 
It is easy to read off and interpret the dimension of the tangent space of the 
deformation functor. For example in the case where p = 3 and rf = 3 we have 
dim(VF[7r] (g) W[[q — l]][^],fc[e]) = 3. There is one dimension coming from the 
deformations of F, and the rest is due to relations, coming from obstructions. As 
explained before, we have h^{X, Qx) = 4 in this case and so one dimension is still 
missing. 

To account for this missing dimension, we have to study all deformations of A, 
not just the Jacobian ones. This is settled by Theorem 4.3. Observe that in all the 
cases, we have 

h\X,ex)-dim{Jacx/cik[^])) = h\C,Ue{X/C)). 
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Therefore diui{J^ib{k[e])) ~ h^{X, Qx), and its makes sense to ask if the absolute 
deformation functor of X is isomorphic to Tihx/c- In the next section, we will see 
that this is indeed the case. 

6.2. Classification of deformations. The most important step to classify defor- 
mations of bielliptic surfaces is to show that for a bielliptic surface X/C over k the 
functors Tihxjc and "Def x are isomorphic. 

Denote by J — > C the Jacobian of X — > C. If d is not a power of p, the claim 
follows already, since in that case J acj ic is unobstructed, and has the right tangent 
dimension. Hence we get a chain of isomorphisms 

Jacx/c - ^ibx/c - T^efx ■ 

In the case where d is a power of p, we have to work with the etale covering of 
X . This is more difficult than in the Kodaira dimension one case, because the etale 
cover of the reduction is an elliptic abelian surface and not every deformation of 
the covering admits a fibration. 

To understand the deformation theory of abelian surfaces, we use p-divisible 
groups. For the reader's convenience, we repeat some basic definitions and facts: 
Let p be a prime number, and let S* be a scheme. A sheaf of groups for the fppf- 
topology is called a p-divisible group, if G is p-divisible and p-primary, i.e. 

G = lii^G[p"] 

and the groups G[p"] arc finite flat group scheme over S (sec [Gro74] where p- 
divisible groups go by the name "Barsotti-Tate groups" ) . The main examples which 
we are in fact interested in are p-divisible groups associated with abelian schemes. 
For an abelian 5-scheme A, we set 

A[p°°] ==lin^iA[p"]. 

The deformation theory of abelian schemes is controlled by p-divisible groups. 
To be precise, let i? be a ring in which p^ = 0. For a nilpotent ideal I C R we 
define the category T of triples: 

where A is an abelian scheme over R/I, tj is a p-divisible group over R and e an 
isomorphisms G (E)b, R/I — A[p°°]. Now we have the theorem of Serre and Tate: 

6.3. Theorem (Theorem 1.2.1 [KatSl]). There is an equivalence betweenT and the 
category of abelian schemes over R given by 

At-^ {A(»R R/I,A[p°°], natural e). 

We will use the following statement to understand the lifting behavior of mor- 
phisms of the latter: 

6.4. Lemma (Lemma 1.1.3 [KatSl]). Let Q and H be p-divisible groups over R. 
Assume 1'^+^ = 0. Let G and H denote their restrictions to Spec{R/I). Then the 
following holds: 

(i) The groups YLom ii{Q ,%) and\^ovi\pj/j{G,H) have no p-torsion. 
(ii) The reduction map IIom/j(tJ, H) — > IIomjj//(G, TJ) is injective. 
(iii) For any homomorphism f : G ^f H there exists a unique homomorphism 

(j)^ lifting [p"] o /. 
(iv) In order for f to lift to a homomorphism f'.Q^T-L, it is necessary and 

sufficient for the homomorphism (p^ to annihilate Q[p'^]- 

In the course of the proof, we will use the following lemma: 
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6.5. Lemma. Let £ be an elliptic scheme over a base scheme S. Let Q, be an 
automorphism of £ o J order d. We consider the trace map: 

Then tro gives the zero map on £ . 

Proof. We can prove the statement fibrewise. So assume that S it the spectrum of 
a field. It holds 

(Id -Vl) o trn = Id -Vl"^ = 
However, Id —17 is surjectivc, hence tr^ = follows. D 

6.6. Proposition. Let f : X ^>- C be a Jacohian bielliptic surface over k. Then f 
extends to any deformation X of X over A € .41g^ . 

Proof. We have an etale Galois cover A ~ E y. F oi X . The Galois group is 
isomorphic to F = 'Ljd'L. The action on E is by an automorphism lo. fixing the 
zero section. For a deformation X of X, we get a diagram 




where the right hand column is the unique lifting of the left. By [MFK94, Theorem 
6.14] we can give A a structure of an abelian scheme, extending the group structure 
on A. Now the strategy is as follows: First, we show that A has an automorphism 
O lifting Id xw. Then we study the action of i7 on the p-divisible group ^[p°°], 
and use the trace map defined by fi to lift the projection i?[p°°] x i^[p°°] — >■ F\p'^\. 
This lifting will descend to the desired lifting of the fibration / on X. 

Denote the image of the generator 1 g F in Aut(^) by a. Note that a does 
not necessarily fix the zero section. We study its action on A: Set c = ct(0) € 
^(Spcc(A)) and denote by t_c the morphism given by translation the — c. We set 

J7 = <T o t_c and O' = t_c ° o"- 

Both maps fix the zero section of A and are therefore group automorphisms of A. 
Furthermore, they lift the automorphism Id xw of i? x F, which implies il = 51' 
since the lift of an automorphism is unique. 

This means that O and ic commute, and since a and J7 are of order d, we get 
that c is a torsion point of order d, which lifts the action of F by translation on F . 

To proceed with the proof, we pass to the category of p-divisible groups, as 
explained in Theorem 6.3. Our aim is to lift the second projection 

Wi- E{p°"\ X F[j9°°] ^ F[p°°]. 

We know there exists some integer A^ such that there exists a unique lift 0Ar of 
[A^] o pr2 (Lemma 6.4). We compare 07v with the trace tro defined by 17. The 
restriction tro of tro to A[p°°] gives the map 

\d\ o pr2 : A\p°^\ -> F\p°^\ - Im(t?^) 

because tro is multiplication by d on the factor F\p°°\ and the zero map on the 
factor ^[p""] (see Lemma 6.5). Now, we get that \d\o(f>j.^ is a lift of [A^Jotro. Again, 
because an endomorphisms has at most one lifting, it follows 

[d] o 0JV = [A^] o trn . 
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Factoring out by .4[-/V], we see that trfi is a lift of [d] o [prj]. It remains to show 
that A[d] hes in the kernel of tiQ. To sec this, we consider the exact sequence of 
finite flat group schemes 

^ A[df -^ A[d] -^ A[dY* -^ 0. 

We first show trn(.4[(i]") = 0. Again, we have an exact sequence 

^ y^[d]""'* ^ A[d]° -^ A[df -^ 0. 

The outer groups denote the multiplicative part and the biinfinitesimal part re- 
spectively. The category of multiplicative groups schemes is dual to the category 
of ctalc group schemes via Carticr duality - thus endomorphisms lift uniquely, and 
we get trsi(^[d]™"'*) = 0. Now, wc consider the sequence of p-divisible groups 

-> y^[p°°]™"'* ^ A[p°°]° -> A[p°"f -^ 0. 

Since J7 maps _4[p°o]™'"'* into itself, we get an induced action of il on A[p°°]^'\ and 
in particular, tro descends to ^[p°°]''*. If this group is non-trivial, it is a lift of 
i?[p°°] on which tro is zero. Again by uniqueness of lifts, we get trf2(.4[d]'") = 0. 

We saw that trn(v4[d]°) = and it remains to show trn(v4[fc]'^*) = 0. However, 
this is clear, since we deal with etale group schemes. We conclude that pr2 extends 
to A". D 

So far, we have treated only Jacobian bielliptic surfaces. But the non-Jacobian 
cases are mostly trivial. Consulting the table of bielliptic surfaces in [BM77], we see 
that the Tatc-Safarcvic group is trivial if the associated Jacobian has obstructed 
deformations, except in one case in charactcrtic two. 

To construct this surface, let E and F be ordinary elliptic curves over k with 
p = 2. We set A = {E x F)/fi2, where p,2 is the subgroup scheme embedded 
diagonally into 

The quotient A is an abelian surface which does not split into a product. 

Let c be a non trivial 2-torsion point of F. The action on E x F, given by 
{x,y) t-^ {x + c, —y), commutes with the diagonal action of /i2 and thereby descends 
to a Z/2Z-action on A. The bielliptic surface X we are interested in is now given 
by A/{Z/2Z). The Jacobian of X is clearly J = {E x F)/(Z/2Z). 

Now let A" be a deformation of X. Once more we have a diagram: 




We claim that A admits a lifting of the elliptic fibration f : A ^ F/P2'- We have 
an exact sequence 

(6.4) -> AIp'^Y"'' -> AIp"^] -> Aip-^Y' -^ 0. 

The morphism A[p°°]'^'^ -^ F[p°°Y* induced by / lifts uniquely to 

^■.A[p°°Y*^F[p^]^*, 

since we are dealing with etale group schemes. Denote by B the p-divisiblc group 
obtained by pushout of (6.4) along (p. We still have A[p°°Y°^ C B and inside 
A{p°°Y'"' is contained the kernel of the unique lift of A*"'' -^ F[p°°Y'"'. Dividing 
out B by that kernel we obtain a lifting of /. 

As in the proof of Theorem 6.6, we see that / descends to X. Therefore X is 
elliptic. To sum up, we have the following theorem: 
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6.7. Theorem. Every deformation X of a bielliptic surface X induces a lifting of 
the elliptic fibration X — > C = Alb(X). 

Next, we show that a versal deformation of a bielhptic surface is algebraizable. 

6.8. Proposition. Let X be a bielliptic surface over k. Denote by X^'^'^^ — > Spf (i?) 
a formal versal family ofDefx- Then there exists a projective scheme X over R 
such that X^'^^'^ is the completion of X at the special fibre. 

Proof. For an arbitrary deformation X oi X^ denote hy A ^ X the unique lifting 
of the abclian covering A -^ X. In the proof of Proposition 6.6 we saw that the 
abehan scheme A has an automorphism fl Ufting the automorphism cj x Id of _E x i^. 

The automorphism of X, obtained from D, by descent, will again be denoted by 
fl. Now J7 is a C-automorphism of X, i.e, its action is confined to the fibres of the 
fibration. 

We claim that the fixed locus of il is flat over C: Every closed point x £ C has 
an etale neighborhood U ^ C such that the puUback 

Xu = XxcU 

can be given the structure of an abelian scheme, in such a way that the base change 
of rj to Xu becomes a group automorphism. We consider the endomorphism f2 — Id 
of Xu. It is a surjective map of abelian schemes and therefore flat by ([MFK94, 
Lemma 6.12]). In particular its kernel, i.e the fix locus of VI, is fiat over U. 

Thus we have found a relative Cartier divisor of A" — > C. Its degree can be 
computed on the reduction. It equals the order of the subgroup scheme of E fixed 
by Lo. In particular it is positive, which means that Z is & relatively ample divisor 
for X ^C. 

Now denote by X"'^'^^ — ?► Spf (i?) a versal family of Tibxjc- It is a formal scheme 
over the hull of the deformation functor J-ibx/c^ s-i^d we conclude form Theorem 6.7 
that it admits an elliptic fibration F : X'"'^^" — > C lifting X — > C. 

Denote by m the maximal ideal of R , and set X„ = X'""^'^ i^r i?/m""'"^. The 
construction of Z gives rise to a compatible system of relatively ample invertible 
sheaves €^x„iZn). Tensoring with the invertible sheaf coming from the divisor of 
a fibre of A""'^'"" — > C, we obtain a system of ample line bundles J^n- Thus by 
Grothendieck's Algebraization Theorem [11105, Theorem 4.10], we conclude that 
^vers jg ^Yie completion of some projective scheme X^'^'''^ over Spec(i?). D 

The above proposition helps us to answer another natural question: X is called 
bielliptic because it has two transversal elliptic fibrations. Namely the smooth one, 
denoted by /, coming from the projection E x F ^ F and a second one, denoted 
by g, with base curve F\, coming from E x F ^ E. We saw that the first fibration 
is preserved under deformation, but what about the second one? 

6.9. Proposition. Let X be a bielliptic fibration. Then every deformation X of X 
extends both elliptic fibration. 

Proof. We are going to show that the versal deformation X^'^^'' -^ Spf (i?) admits 
an extension of g. Then the claim follows by versality. 

Denote by K the fraction field of R. We can use surface theory to analyze the 
generic fibre Xk of the algebraization X of X"^"^^. Denote by .^^ = ^-^{Z) the 
line bundle associated to the divisor Z, constructed in the proof of Proposition 6.8. 
The canonical bundle of Xk has self-intersection number 0. It follows that the 
line bundle .iff"", gives rise to an elliptic fibration g' : Xk ~^ IP]f, if we choose m 
sufficiently big [BadOl, Theorem 7.11]. 
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Since X is proper and normal, we can extend g' to a rational map g' : A" — > ¥^ 
which is defined on a non-empty open subset intersecting the special fibre. Now, 
there are sections si,S2- Spcc(i?) -^ P)j whose associated closed subschemes are 
disjoint and who do lie inside the image of g' . Taking the closures of the inverse 
images of those sections under g', we get two divisors Gi and G2 in X who have 
disjoint specializations on a non empty open subset of the special fibre (namely the 
locus where g' is defined). 

We claim that their reductions Gi and G2 arc irreducible (and hence disjoint): 
The group of divisors of X modulo numerical equivalence is generated by two classes 
F and G, where F is a fibre class of / and G is one of g. The intersection numbers 
are 

F-F = 0, F-G>0, G-G = 0. 

In particular, there are no effective divisors on X with negative self-intersection. 
It follows that the specialization of a curve of canonical type is again of canonical 
type. However, every curve of canonical type on X is irreducible, hence the claim 
follows. 

Considering the global sections of J/f^™ associated to the effective divisors Gi 
and G2, we find that ^®™ is globally generated. It follows that the map given by 
^(g)m jg jj^ ^g^^^ ^ morphism, lifting g. D 

We illustrate the theorem by looking at a special case: Let k be of characteristic 
three, and let X denote the Jacobian bielliptic surface of index d = 3 over k. What 
does the fibre X^j of the vcrsal family of X over the generic point of the base look 
like? The smooth fibration with elliptic base curve docs not have a section. The 
three sections which appear when we do base change with the algebraic closure of 
77 do not descend to A"^. Instead, we have a multi-section of degree three. 

There is an explicit construction of a bielliptic surface with d ~ 3 over Q, which 
shows the same behaviour. It was given in [BS03] as a counterexamples to the 
Hasse principle which cannot be explained by the Manin obstruction. 
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